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(Concluded from last issue.) 

8. Fractions. 

(Note: Ability to factor at sight confidently and correctly is 
of great importance.) 

(a) Reduction to Lozvcst Terms. — Multiplying or dividing 
both terms of a fraction by the same number does not change 
the value of the fraction. Many numerical examples. 

Additional connection with arithmetical fractions is estab- 
lished by the numerical check, especially important in reduction 
of fractions. In checking, values must be substituted which do 
not give zero denominators. 

(b) Reduction to Common Denominator. — Lowest common 
multiple explained, with reference to arithmetic. Abundant 
practice with monomial denominators would precede that with 
binomial and trinomial denominators, where factoring adds to 
the difficulties. 

(c) Addition and Subtraction. — Postpone to intermediate 
algebra such examples as 

3 _ . 4a_ 

x — a a 2 — x 2 

with the confusing change of signs. Numerical checks may 
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90 THE MATHEMATICS TEACHER. 

help to avoid the troublesome error of entirely losing the com- 
mon denominators. 

(d) Multiplication and Division of Fractions. — This topic 
may precede (b) and (c). 

Complex fractions should be omitted, except arithmetical ones 
when needed for checking the solution of an equation like 

5* + i 7 
where .v=£, or for examples in numerical substitution such as 
finding the values of (a-{-b)/(i — ab) when a = £, b = $. 

9. Fractional Equations and Problems. Literal Equations 
and Formulas. 

The process of clearing equations of fractions requires very 
thorough teaching. Equations with decimal coefficients; deci- 
mals and percentage; interest. The following formulas should 
be the basis of part of the work in literal equations, and in sub- 
stitution : 

(1) fcr = /> (percentage), 

(2) b-\-br = p and b — br — p (percentage of increase or de- 

crease), 

(3) * = prt or i = p r -^- (interest), 

w 

(4) » = />r-->- (accurate interest), 

(5) p-\-prt=a (amount). 

Solve these formulas, for each of the letters in terms of the 
others. 

(Note: T. Percy Nunn avoids the use of x to represent the 
unknown quantity until after a thorough study of formulas; 
the solution of simple equations is called by him and by other 
English authors "changing the subject of a formula.") After 
solving formulas concerning familiar subject matter such as 
mensuration for the various letters involved, let the student ex- 
press each result as a verbal rule, and apply it to specific nu- 
merical examples. 

Note: Omit special devices of method such as those often 
recommended for 
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6^T+I 2X — 4 2X — I 



and for 



15 yx — 16 



x — 1 x — 2 x — 3 x — 4 



10. Ratio and Proportion. 

(a) Ratio. — Ratio is one of the most valuable topics in ele- 
mentary mathematics. Emphasize the fact that a ratio, a frac- 
tion, and a division are all merely different ways of expressing 
the same thing, i.e., three ways of indicating division. A deci- 
mal fraction or rate per cent, is only a camouflaged ratio. Prac- 
tice in changing from one form of expression to the other, and 
in expressing ratio in all possible ways, e.g., " Express as a com- 
mon fraction and as a decimal to three significant figures the 
ratio of an inch to a foot, of a foot to a yard, of a yard to a 
rod, etc." 

(b) Partition. — Dividing a number in a given ratio. Mix- 
tures, alloys, family budgets (e.g., food, rent, clothes, miscella- 
neous, and savings proportional to 5, 21, 1, 1). 

(c) Proportion. — (1) An equality of two ratios. The prod- 
uct of the means is equal to the product of the extremes (omit 
"alternation," "inversion," etc.). Numerical and literal equa- 
tions in the form of proportions. 

(2) Scale-drawing. Maps. (Express as a unit ratio the 
scale: \" = i', f" = i', 3 in. = 1 mile, etc. The last answer is 
called the representative fraction of the map.) Actual house- 
plans, blue prints, and topographic or city maps should be used 
in the class-room to ascertain the scale used, measure and esti- 
mate distance, etc. The student may prepare a plan of the school 
or home grounds, an athletic field, a garage, or a floor-plan of a 
house or of the school room. 

(3) Similar figures, protractor; angle measurement and con- 
struction. Height of tree by its shadow. Distance to inaccessible 
point by base-line, angle measurement, and scale drawing. (Ex- 
amples in reducing and enlarging drawings or pictures, and the 
pantograph may be used.) 

(d) Inverse Ratio. — The lever. " Work " problems. 
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ii. Graphs. 

(a) Relative magnitudes from statistics shown by lengths of 
lines, sizes of rectangles. 

(b) Circular graph. 

Sectors and percentage. A good example would be one show- 
ing the make-up of the school in boys and girls of different 
courses of grades. 

(<r) Graph of a single linear equation in two unknowns. 

(d) Simultaneous linear equations solved by graphs. 

Graphs of inconsistent and dependent equations. 

12. Simultaneous Equations. 

(a) Elimination by addition or subtraction. 

(b) Elimination by substitution. 

Besides the usual check some examples may be verified by 
solving by the other method of elimination or by graphs. Some- 
times the same examples may profitably be worked in the 
three ways. 

(c) Literal equations. 

(d) Three unknown quantities. 

This is a topic of minor importance on which teachers are 
prone to linger in the interest of thoroughness. The work with 
three unknowns would best be sharply limited, say to three 
lessons. 

(<?) Problems. 

Number system and digit puzzles. Sum of the angles of a 
triangle (the sum to be first derived by measurements with 
protractor and by paper-folding) . 

13. Square Root. 

(a) Algebraic expressions. 

Only integral expressions which are perfect squares of tri- 
nomials. Aim for a genuine understanding of the method, using 
perhaps a 2 + 2ab + b 2 as a type example. Check by multipli- 
cation. 

(b) Numerical square root. 

Approximate roots to not over 4 significant figures. Finding 
the hypotenuse or arm of right angle triangle, c 2 = a 2 + b 2 . 
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14. Exponents. 

(a) Illustrate the laws of exponents without formal proof. 

(b) Meaning of zero and negative exponents: 

a 2 -=-a 2 = — a 2 - 2 = a°, but a 2 /a 2 = i, Therefore o° = i ; 
a 2 ^-a s = a 2 - s = a- 1 , but o 2 /a 3 =i/o, Therefore a" 1 = i /a. 

(c) Meaning of fractional exponents: 

a%X.a% = a%*% = a !i , Therefore, because of the definition 
of square root, a% — \/a 3 ; also (aY3) z = a 3 / 3 = a, Therefore, 

a y 3 =va. 

Examples in exponents should deal with monomials only. 
They should include practice in writing very large numbers, such 
as those in astronomy, or very small number by using powers of 
10, e.g., three billion miles is 3 X io 9 ; 2 X iO" 7 = ? 

15. Radicals. 

Quadratic surds only, except under (a). All work with rad- 
icals closely associated with exponents. Fractional exponent 
and radical sign interchanged when helpful. 

(a) Removal from the radical of a perfect power. Numer- 
ical square root by factoring method. 

(b) Removal from the radical of a fraction. 

(c) Four fundamental operations. 
The laws understood. 

2VM-3Vm = 5V«, 
Vw» X Vw= V»"», 
y/m 

(d) Rationalizing monomial denominators. 

Application of (a) and (b), and (rf) to sides of right tri- 
angles, altitudes of equilateral and isosceles triangles, and diag- 
onals of rectangles. Find approximate value of fractions 

such _ or _to four significant figures ; do the work with 

V3 V2 

and without rationalization, and make comparisons as to econ- 
omy of figures and time, and as to degree of accuracy. 
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16. Quadratics. 

(a) Graphs. 

Functions of x such as y = x 2 , y — x 3 , etc. Solution of equa- 
tions of the type of ax 2 -4- bx 4- c = o by drawing the graph of 
y — ax 2 4- bx + c. 

Graphs help to make clear the nature of the roots, as well as 
the fact that two roots are possible. 

(b) Pure quadratics, with problems. 

Find the radius of a circle given the area. Include practice 
in the evaluation of other formulas involving square root such as 
c 2 = a 2 + b 2 , s = $gt 2 , v = *, R 2 h, K.¥. = ND 2 /2.$. 

(c) Solution of general quadratics by completing the square. 
Not more than two lessons should be taken, with very simple 
and carefully graded examples sufficient only to make the deri- 
vation of the formula intelligible. 

(d) Solution by formula. 

This is the usual method, and one which is always available. 
Practice in obtaining numerical values of the roots to two places 
of decimals. Check by substitution, by graphs, or by completing 
the square. Checking such a root as 2 — V5 by substitution 
makes a good example in radicals. Omit difficult literal equa- 
tions, such as those where either the constant term or one of the 
coefficients is a binomial. 

(e) Solution by factoring. 

(/) Simultaneous equations, one of them linear, the other 
quadratic. Solution by substitution from the linear equation. 
Limit work to three lessons. Let each pupil solve four or five 
examples by graphs also, containing illustrations of the parabola, 
circle, hyperbola and ellipse : the equations used might be 

<• > x + y = 8; K } 3^+43^ = 25; 

*y=i2, , x 2 + 4>' 2 = 36, 

«' y = x + 4; w ' *+3'+io = o. 

(g) Problems involving general quadratics. 
New problems may also accompany each method of solution 
(0. (rf). (0.and(/). 
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X. General Notes. 

i. Sequence of Topics. — The syllabus is not intended to be 
rigid or restrictive concerning methods, nor concerning such 
matter as the order of topics. Many teachers, for example, will 
sometimes teach multiplication before subtraction. Topics will 
often overlap ; preliminary work with a new topic may be carried 
on while completing the study of the preceding topic. Few reci- 
tations should be wholly without practice in verbal and algebraic 
expression or problems. 

2. Non-essential Topics. — If necessary further to shorten the 
course, the following topics of little importance for first-year 
work could be omitted: algebraic square root, equations with 
three unknowns, simultaneous quadratics, type 6b of factoring 
all fractions with denominators other than monomials. 

3. Definitions and Rules. — Few definitions or rules need be 
memorized, but there should be clear oral statements of meth- 
ods and of explanations ; too much should not be expected of 
beginners. 

4. Written Work. — There is general agreement that written 
work of some sort should be handed in by the pupil daily, 
although the instructor's time will not permit him to grade all 
the papers carefully. 

5. Mental Algebra. — There should be frequent practice in 
mental algebra and mental arithmetic. 

6. Reasonable Answers. — A thoughtful preliminary guess or 
rough estimate of the answer and the habit of examining the 
reasonableness of the actual result will prevent many of the 
wildly absurd answers so often encountered. 

7. Significant Figures. — Pupils should develop a certain 
amount of judgment as to how to carry approximate results. 
" To the nearest thousandth," " to three significant figures," etc., 
should be understood from the start. The technique of approxi- 
mate multiplication and division, etc., probably should not be 
taught. It belongs in the shop or laboratory, where so much 
figuring of a certain kind may be required that the student will 
really appreciate the short methods. 

8. Initiative in Drill Exercises. — The members of a class may 
occasionally be encouraged to make up or compose their own 
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individual examples for drill, e.g., "Write down ten trinomials 
which are perfect squares, and factor each." " Multiply any 
quadratic trinomial in x by a binomial, checking by division." 
"If x — 5 fill in a second member for each of the following 
equations and solve: 

3 .v-2=? 5(* +3 )_4(x-6)=? (*+2) 2 -(*+ 3 ) (*-i)=? 

" Make up and solve five different sets of simultaneous equa- 
tions with x=4, y = $." 

XL First- Year Mathematics Word List. 

Most of the words in the following list should be a part of the 
pupil's working vocabulary at the end of the first high-school 
year. Formal definitions need not be aimed at, but rather cor- 
rect spelling, correct pronunciation and a knowledge of the 
meaning of the words as shown by their use in simple sentences. 

Abbreviation, abscissa, absolute, abstract, accuracy, acre, 
acute, addend, addition, adjacent, adjoining, affected, aggregate, 
aggregation, algebra, algebraic, altitude, aliquot, amount, anal- 
ysis, angle, angular, annulus, annuity, antecedent, applicable, 
approximate, arc, area, arithmetic, arrangement, ascending, as- 
sociative, average, axiom, axis. 

Balance, base, binomial, bisect, breadth. 

Calculate, cancel, capacity, cardinal, census, center, centigrade, 
centimeter, checking, chord, circumscribe, circumference, classify, 
coefficient, collect, column, commission, common, commutative, 
compasses, complement, complete, comples, composite, composi- 
tion, compound, concave, concentric, concrete, concise, condi- 
tion, consecutive, consequent, consistent, constant, construction, 
contents, continuation, convenient, converge, convex, coordi- 
nates, correspondence, cross-section, curve, cylinder, cylindrical. 

Data, decimal, decrease, deduce, deduction, definition, degree, 
denominate, denomination, denominator, depth, derive, descend- 
ing, describe, determine, diagonal, diagram, diameter, difference, 
digit, dimensions, diminish, discount, dissimilar, distance, dis- 
tributive, diverge, dividend, divisible, division, divisor. 

Elementary, elevation, elimination, ellipse, equal, equation, 
equiangular, equilateral, equivalent, estimate, evolution, exactly, 
except, excess, exclude, explanation, exponent, expression, 
extreme. 
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Face, factor, Fahrenheit, focus, formula, fraction, function, 
fundamental. 

Gauge, geometric, gram, graphic, gravity, grouping. 

Height, hence, hexagon, horizontal, hundredth, hypotenuse. 

Identical, identity, imaginary, inclination, incomplete, incon- 
sistent, increase, independent, indeterminate, index, indicate, 
induction, inequality, innermost, inscribe, inspection, instructor, 
insurance, integer, integral, intercept, interest, interpretation, 
interior, inverse, involution, involving, irrational, isosceles, 
italics. 

Kilogram. 

Lateral, latitude, length, line, linear, liter, literal, longitude. 

Manipulation, mathematics, maturity, maximum, mean, meas- 
urement, memorandum, meridian, meter, mill, millimeter, mini- 
mum, minuend, minus, miscellaneous, model, monomial, mort- 
gage, multiple, multiplicand, multiplication, multiplier. 

Necessary, negative, notation, number, numeration, numer- 
ator, numerical. 

Oblique, obtuse, occurrence, octagon, omission, omitted, opera- 
tion, oral, ordinal, ordinate, origin. 

Pantograph, parabola, parallel, parenthesis, partial, particu- 
larly, partition, pentagon, percentage, perimeter, perpendicular, 
plotting, point, polygon, polynomial, positive, practical, preced- 
ing, precise, preferred, prefix, prime, principal, principle, prism, 
product, profile, proportion, protractor, pyramid, Pythagoras. 

Quadrant, quadratic, quadrilateral, quantity, quart, quarter, 
quotient. 

Radical, radicand, radius, rate, ratio, rational, rationalize, 
ratios, real, reasonable, reciprocal, rectangle, rectangular, reflex, 
relative, remainder, representation, respectively, reverse, rod, 
root. 

Satisfy, scale, secondary, sector, segment, separate, series, 
sextant, significant, similar, simplify, simultaneous, solid, solu- 
tion, spiral, sphere, square, standard, statement, statistical, 
straight, subtrahend, subtraction, substitution, succession, suffi- 
cient, sum, supplementary, surd, surface, symbol. 

Tabulation, tangent, technical, temperature, term, theorem, 
theory, therefore, thermometer, thousandth, transformation, 
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translation, transpose, trapezoid, triangle, trinomial, trisect, 
truncated, typical. 

Uniform, unit, unity. 

Variable, variation, velocity, verbal, verification, verify, ver- 
tex, vertical, vinculum, volume. 

Zero, zone. 
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XIII. Note on a College Preparatory Course in 
Intermediate Algebra. 

The following is an outline of the chief additional topics in 
an intermediate college preparatory course to follow the first- 
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year course given in this syllabus. Such a skeleton outline may 
be helpful to many teachers, and it may serve to define our in- 
tended scheme for first-year work by showing what is left to be 
done in order to meet the present college requirements. Such a 
course needs a full year of work, as is implied in the College 
Entrance Examination Board recommendation of two units 
credit for algebra. Much of the time would be used on review 
topics, with problems of a difficulty more appropriate to the 
added maturity of the pupils and to the less remote contingency 
of college entrance. 

1. Factoring. — (a) Difference of two squares, particularly the 
trinomial type, o* 4- a?b 2 -f- b*. 

(b) Factor theorem. 

(c) Binomial x" + y n studied with the aid of the factor theo- 
rem, particularly x 3 -f- y 3 . 

(d) H. C. F. and L. C. M. by factoring, not neglecting factors 
that differ only in sign, e.g., a — b and b — a. 

2. Fraction. — (a) Addition and subtraction including facility 
with such difficulties of signs as that mentioned in the preceding 
topic. 

(b) Complex fractions. 

3. Exponents and Radicals. — (a) Interpretation and manipu- 
lation of expressions involving negative, fractional, and zero 
exponents. 

(b) Changing surds to the same index. 

(c) Operations with surds of any order. 

(d) Rationalization of a binomial surd denominator of the 
second order. 

(c) Square root of a binomial quadratic surd. 
(/) Radical equations. 

4. Quadratic Equations. — (a) Completing the square more 
thoroughly mastered, including the derivation of the formula. 

(b) Theory of quadratic equations; the relations between 
roots and coefficients, and the nature of the roots. 

(c) Equations in quadratic form. 

(d) Simultaneous quadratics, including homogeneous equa- 
tions and those solvable by dividing one equation by the other. 

5. Binomial Theorem for positive integral exponents includ- 
ing the formula for the nth term. 
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6. Arithmetical and Geometric Progression. 

Committee: Arthur W. Belcher, Chairman, East Side High 
School, Newark; James M. Stevens, superintendent of schools, 
Ocean City; William W. Strader, Dickinson High School, 
Jersey City ; Roy W. Lord, formerly of Plainfield High School ; 
Theodora Skidmore, Barringer High School, Newark. 



